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Quantum information scrambling under many-body dynamics is of fundamental interest. The tripartite mutual
information can quantify the scrambling via its negative value. Here, we first study the quench dynamics of
tripartite mutual information in a non-integrable Ising model where the strong and weak thermalization are ob-
served with different initial states. We numerically show that the fastest scrambling can occur when the energy
density of the chosen initial state possesses the maximum density of states. We then present an experimental
protocol for observing weak and strong thermalization in a superconducting qubit array. Based on the protocol,
the relation between scrambling and thermalization revealed in this work can be directly verified by supercon-
ducting quantum simulations.
I. INTRODUCTION
Under unitary dynamics, whether or not the locally en-
coded quantum information is delocalized and spreads
over the entire system is a fundamental problem [1, 2].
When delocalization of quantum information occurs in
a system, it is referred to a scrambler. One prominent
example as such is black hole, which is revealed as the
most efficient scrambler [3–5]. The characterization of
scramblers attracts considerable attention [6–8]. A well-
known probe of quantum information scrambling is the
out-of-time-order correlator (OTOC), whose decay rate
extracted from its dynamics is closely related to the Lya-
punov exponent [6, 9]. Quantum information scrambling
can provide insight into the subjects in condensed-matter
physics. By studying the OTOCs, it has been recognized
that the scrambling plays an important role in informa-
tion propagation [10, 11], many-body localization (MBL)
transitions [12–14], and quantum phase transitions [15–
18].
Besides the OTOC, the scrambling can also be char-
acterized by the negative tripartite mutual information
(TMI) [6, 7]. Different from the OTOC, the TMI is an
operator-independent quantity. The experimental mea-
surements of OTOCs and TMI require different tech-
nologies. The direct measurement of OTOCs requires
the inverse-time evolution, which can be performed in
trapped ions [19] and nuclear magnetic resonance (NMR)
quantum simulators [20]. Nevertheless, the inverse-time
evolution is an experimental challenge in quantum super-
conducting circuits because of the local intra-qubit inter-
actions [21]. On the other hand, to measure the TMI, the
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quantum state tomography (QST) should be employed.
The accurate and efficient QST can be performed in sev-
eral platforms, such as trapped ions [22], superconduct-
ing qubits [21, 23–25] and NMR [26]. Consequently,
TMI is an experimentally feasible quantity in general.
Recently, more attention has been paid to the TMI in
many-body quantum systems. It has been shown that
the TMI can diagnose the ergodic and MBL phase, i.e.,
the TMI is close to 0 and the scrambling is suppressed
in the MBL phase, while the TMI becomes smaller in
the ergodic phase indicating faster scrambling [27]. In
addition, the scrambling is observed in both Bethe inte-
grable system with fermionic interactions and a generic
non-integrable system. In contrast, one-dimensional non-
interacting fermions do not scramble [28].
Previous studies of the TMI mainly focused on its de-
pendence on the integrability of the system. In fact, the
dynamics of a quantum system is also determined by
the choice of initial state. A paradigm in this regard is
the weak and strong thermalization [29]. Starting from
an initial state corresponding to the Gibbs state with in-
verse temperature β far away from 0, it has been revealed
that the dynamics shows obviously persistent oscillation,
which is a signature of weak thermalization. However,
if one choses an initial state with β ≃ 0, strong ther-
malization can be observed. The weak and strong ther-
malization in a non-integrable Ising model with both par-
allel and longitude magnetic fields was numerically ex-
plored [29, 30], and explained from a quasiparticle view
point [31]. Recent numerical results of long-range Ising
model suggest the existence of weak and strong thermal-
ization in this system, paving the way to experimentally
observing the phenomena in trapped ions [32].
In this work, we first study the time evolution of TMI
in the non-integrable Ising model with different initial
states, and reveal the relation between the information
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FIG. 1. Schematic representation of the generic experimental
protocol for studying quantum information scrambling by mea-
suring the TMI. The sequence consists of three parts: (i) Initial-
ization. (ii) Evolution. (iii) Readout. Through out the protocol,
the whole system remains in pure state.
scrambling and the degree of thermalization. We then
present an experimental protocol for observing weak and
strong thermalization in a superconducting qubit array,
which is one of the most popular superconducting cir-
cuit. Finally, we calculate the TMI in the superconduct-
ing qubit array, showing the relation between informa-
tion scrambling and thermalization can be experimentally
demonstrated on a superconducting qubit array.
II. RESULTS
A. Tripartite mutual information and a generic
experimental protocol
Before the calculation of TMI, three subsystemsA, B,
and C should be chosen, and the remainder is the subsys-
tem D. The reduced density matrices of the subsystemsA, B, C, and D are denoted as ρA, ρB, ρC , and ρD, re-
spectively. The definition of TMI is [6]
I3 = S(ρA) + S(ρB) + S(ρC) + S(ρD) (1)−S(ρAB) − S(ρAC) − S(ρBC),
where S(ρ) = −Tr(ρ log ρ) is the von Neumann entropy.
A negative value far away from zero is a diagnostic of
quantum information scrambling [6].
We then present a generic experimental protocol for
studying quantum information scrambling by measuring
the TMI. Fig. 1 is a schematic diagram of the protocol.
The system is comprised of N qubits denoted as Q1, Q2,
..., and QN , and an ancillary qubit QA (see Fig. 1). We
define the state ∣θ, φ,±⟩ as the eigenstate of the matrix
nˆ ⋅ σ⃗ = (sin θ cosφ)σx + (sin θ sinφ)σy + (cos θ)σz (σα
with α ∈ {x, y, z} referring to the Pauli matrices) with
the eigenvalues ±1. The initial state of QA is ∣θA, φA⟩ ≡(∣θ1, φ1,+⟩ + ∣θ1, φ1,−⟩)/√2. The generalized CNOT
gate in Fig. 1 reads
CNOT ≡ ∣θ1, φ1,+⟩⟨θ1, φ1,+∣⊗ 1 (2)+∣θ1, φ1,−⟩⟨θ1, φ1,−∣⊗ X˜,
where 1 is a two-dimensional identity matrix, and X˜ ≡
RσxR−1 with
R ≡ ( cos θ12 −e−iφ1 sin θ12
eiφ1 sin θ1
2
cos θ1
2
) . (3)
After applying the CNOT gate, we in fact
generate a two-qubit GHZ state ∣GHZ⟩A1 =(∣θ1, φ1,+⟩A∣θ1, φ1,+⟩1 + ∣θ1, φ1,−⟩A∣θ1, φ1,−⟩1)/√2,
entangling the ancillary qubit and Q1 and locally encod-
ing the information in the two qubits. In short, the initial
state can be written as∣ψ0⟩ = ∣GHZ⟩A1(⊗Nj=2∣θj , φj ,+⟩). (4)
Actually, when we chose θi = 0 or pi, the aforemen-
tioned initialization is the same as the one employed in
Ref. [27]. This initialization is enlightened by the thought
experiment for the retrieval of quantum information from
a black hole [3].
The next step is the time evolution under the quantum
channel U = e−iHt with H as the Hamiltonian of the
N -qubits isolated system. To study the quantum infor-
mation scrambling, we conventionally consider the spin
chains that are beyond quadratic fermionic form after
the Jordan-Wigner transformation [28]. The final step is
measuring the TMI by QST based on Eq. (2). We chooseA = QA, B = Q1, C = {Q2,Q3, . . . ,QN/2}, where N is
even for convenience, and the reminder as the subsystemD. The protocol can quantify how the locally encoded
information scrambles through quantum dynamics.
B. Results for a non-integrable Ising model
We first consider a spin-1/2 Ising model whose Hamil-
tonian reads
HIsing = −J N−1∑
i=1 σzi σzi+1 + g N∑i=1σxi + h N∑i=1σzi (5)
with g and h referring to the strength of the transverse
and the parallel magnetic field. When g ⋅ h ≠ 0, the Ising
model is non-integrable. We fix g/J = 1.05 and h/J =−0.5. Similar to the quench protocol in Ref. [29], the
chosen initial states are isotropic, i.e., θ = θi and φ = φi∀i ∈ {1,2, ...,N} in Eq. (4), and ∣θ, φ⟩ ≡ ⊗Ni=1∣θi, φi,+⟩.
The inverse temperature β for the state ∣θ, φ⟩ can be ob-
tained by solving the equation Tr{[ρ(β)−ρ(θ, φ)]H} = 0
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FIG. 2. Panel a and b show the dynamics of the TMI with different isotropic initial states ∣θ, φ⟩. The time-averaged TMI and the
density of state (DoS) as a function of the energy density  are depicted in the panel c and d, respectively.
with ρ(θ, φ) ≡ ∣θ, φ⟩⟨θ, φ∣, ρ(β) ≡ e−βH/Tr(e−βH), and
H as the Hamiltonian.
It has been shown that the quench dynamics with the
initial state ∣Z+⟩ = ∣0, φ,+⟩ (i.e., β ≃ 0.7275) shows
a signature of weak thermalization, while with ∣Y +⟩ =∣pi/2, pi/2,+⟩ (i.e., β = 0) as the initial state, strong ther-
malization occurs [29]. Additionally, we can employ the
energy density
 = ⟨θ, φ,+∣H ∣θ, φ,+⟩ −Emin
Emax −Emin (6)
with Emax(min) as the maximum (minimum) eigenvalue of
the Hamiltonian H . The energy density can quantify the
relative position of the state in the energy spectrum. It can
be directly calculated that for ∣Z+⟩ in the weak thermal-
ization regime, the energy density  ≃ 0.0812, i.e., ∣Z+⟩ is
quite close to the ground state of HIsing (Here, the system
size isN = 14), which is consistent with the quasiparticle
explanation in Ref. [31]. However, the energy density of∣Y +⟩ is  ≃ 0.5602, far away from the ground state. We
emphasize that the state ∣X+⟩ = ∣pi/2,0,+⟩ (β ≃ −0.7180
and  ≃ 0.9122) lies in a rare region where local observ-
ables depart from their thermal values during the time
evolution and no thermalization is observed [29].
Using the protocol in Fig. 1, we study the quench dy-
namics of TMI I3 with several isotropic initial states pa-
rameterized by θ and φ inHIsing with system sizeN = 14.
We first demonstrate that even in the absence of thermal-
ization, information scrambling characterized by I3 < 0
can still be observed (see the result in Fig. 2a with θ =
0.5pi and φ = 0), indicating that the occurrence of neg-
ative I3 is independent of thermalization. Nevertheless,
when φ ranges from 0 to 0.5pi, the decrease of TMI sug-
gests that stronger thermalization corresponds to faster
information scrambling (see Fig. 2a). Figure 2b presents
the dynamics of I3 with φ = 0.5pi and θ ∈ [0,0.5pi], and
shows a similar tendency of TMI in Fig. 2a.
To further understand the dependence of scrambling
on initial states, we consider a time-averaged TMI I3 ≡
1
tf−ti ∫ tfti I3(t)dt with ti = 100 and tf = 1000, extracting
the stationary value of TMI from its dynamics. The en-
ergy density  can characterize the initial states in strong
or weak thermalization regime, and therefore we plot the
I3 as a function of  in Fig. 2c. There is a local minimum
I3 near  ≃ 0.56, which exactly corresponds to a maxi-
mum density of states (DoS) (Fig. 2d), revealing that the
most efficient scrambling occurs when the initial state has
the energy density with maximal DoS.
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FIG. 3. Schematic representation of the experimental waveform
sequence for the time evolution. The qubit Q1, Q2, ..., QN are
biased to the interaction frequency ωint.q via their Z pulse control
lines (the rectangular pulses). Since the ancillary qubitQA does
not participate in the time evolution, its frequency should be
detuned away from ωint.q . Meanwhile, the microwave drives (the
sinusoidal pulses) are imposed on Q1, Q2, ..., QN through the
XY-control lines.
As a side remark, we compare the dynamics of TMI for
different initial isotropic states with the same energy den-
sity , and for the initial Ne´el-type and the isotropic states
with the same . The results are presented in Supplemen-
tary Note 1, showing that the stationary values of TMI
are almost identical for all initial states with the same .
C. Experimental protocol for observing weak and strong
thermalization on a superconducting qubit array
The one-dimensional spin-1/2 XY model
HXY = λN−1∑
i=1 (σxi σxi+1 + σyi σyi+1) (7)
can be typically realized by a chain of transmon qubits
with capacitive couplings λ [21, 33–35]. The Hamilto-
nian HXY can be mapped to a free fermion system via
the Jordan-Wigner transformation [36]. Thus, it is well-
known that thermalization is absent in HXY because of
the infinitely many conserved quantities in thermody-
namic limit (for a finite XY chain, there are extensive
number of conserved quantities) [37–39]. To make the
superconducting qubit array non-integrable for observ-
ing quantum thermalization, we impose uniform resonant
microwave drives on all qubits, generating the local trans-
verse field with amplitude Ω, and the final Hamiltonian
reads (see Methods for details)
HSQA = λN−1∑
i=1 (σxi σxi+1 + σyi σyi+1) +Ω N∑i=1σyi . (8)
The local transverse field has been realized in a recent
quantum simulation experiment [40], where the XY -
crosstalk correction and phase alignment of the trans-
verse field were discussed. A sketch of the pulse se-
quence for the realization of the Hamiltonian (8) is de-
picted in Fig. 3.
Before we study the TMI in the Hamiltonian (8), the
weak and strong thermalization in the system should be
demonstrated. Here, we adopt λ = Ω = 1 and N = 14.
It can be calculated that for the isotropic initial state∣θ, φ⟩ = ∣pi/2,1.369pi⟩, the inverse temperature β ≃ 0,
and the strong thermalization is expected. To observe the
weak thermalization, we consider another isotropic ini-
tial state ∣pi/2,0.369pi⟩ with β ≃ −0.6547. Moreover, we
recognize that the energy of a typical initial state ∣Z+⟩ is⟨Z + ∣HSQA∣Z+⟩ = 0. Thus, for ∣Z+⟩, β = 0, and ∣Z+⟩
lies in the strong thermalization regime. In supplemen-
tary Note 2, we show that the dynamical properties of
HSQA with the initial state ∣Z+⟩ are similar to those with
the initial state ∣pi/2,1.369⟩.
Similar to Ref. [29], we pay attention to the quench
dynamics of local observables ⟨O(t)⟩ − ⟨O⟩th with O ∈{σx, σy, σz}, and the operator norm distance between a
reduced density matrix (RDM) of a three-body subsys-
tem and the corresponding thermal density matrix de-
noted as d(ρsub.(t), ρsub.th ) (see Methods for the detailed
definitions). The time evolution of local observables
with two different initial states are shown in Fig. 4a
and b. One can see that the values of the observ-
ables relax to the thermal values when the initial state
is ∣θ, φ⟩ = ∣pi/2,1.369pi⟩ (β ≃ 0) and in the strong
thermalization region. However, the undamped oscil-
lation of ⟨O(t)⟩ − ⟨O⟩th can be observed with another
initial state ∣θ, φ⟩ = ∣pi/2,0.369pi⟩, which is a signature
of the weak thermalization. Moreover, figure 4c shows
the dynamics of d(ρsub.(t), ρsub.th ) with the two initial
states. In the strong thermalization region, the quenched
RDM fast saturates to the thermal state and the dis-
tance d(ρsub.(t), ρsub.th ) monotonically decays, while the
distance exhibits dramatic fluctuation in the weak ther-
malization region.
D. Results for the superconducting qubit array
We then study the TMI I3 in the Hamiltonian (8). Fig-
ure 4d presents the time evolution of I3 with the two
initial states. The behaviors of I3 are similar to those in
the Ising model (see Fig. 2a and d). Fast and slow quan-
tum information scrambling are observed in the strong
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FIG. 4. Panel a and b show the dynamics of local observables with the initial state ∣θ, φ⟩ = ∣pi/2,1.369pi⟩ (β ≃ 0) and ∣θ, φ⟩ =∣pi/2,0.369pi⟩ (β ≃ −0.6547), respectively. Panel c shows the distance d(ρsub.(t), ρsub.th ) with the two initial states. Panel d shows
the dynamics of the TMI I3 with the two initial states.
and weak thermalization region, respectively. Moreover,
the saturation of I3 at long time can also be observed in
the system (8).
Next, we study the relation between the TMI and the
energy density . Different from the Ising model (5), the
minimum attainable  of all isotropic states is 0.3093 in
the system (8) (see Supplementary Information Note 1).
To study the I3 of the initial states with  < 0.3093,
we can consider the Ne´el-type initial states (see Sup-
plementary Information Note 1). Figure 5a depicts the
time-averaged TMI I3 ≡ 1tf−ti ∫ tfti I3(t)dt (ti = 100 and
tf = 1000) as a function of . We also present the DoS
of the Hamiltonian (8) as a function of  in Fig. 5b.
The comparison between Fig. 5a and b indicates that
the fastest information scrambling occurs when the initial
state has the  with maximum DoS. The results of I3 in
the Hamiltonian (8) suggest that the linkage between in-
formation scrambling and thermalization revealed in the
Ising model (5) can be experimentally verified in the su-
perconducting qubit array using the aforementioned pro-
tocol.
III. DISCUSSION
We have investigated the quantum information scram-
bling in the systems where the strong and weak thermal-
ization exist. The occurrence of information scrambling
quantified by the negative TMI, i.e., I3 < 0, can be ob-
served in both strong and weak thermalization regimes.
Ref. [29] indicates the absence of quantum thermaliza-
tion for the initial state ∣X+⟩ in the Ising model (5). How-
ever, our result in figure 2a shows information scram-
bling during its quench dynamics with the initial state∣X+⟩. Actually, it has been pointed out that scrambling
does not equal quantum thermalization [27, 41], and our
results are consistent with the viewpoint. Nevertheless,
the existence of no thermalization region in the Ising
model remains an open question due to the two numer-
ical challenges. Firstly, the matrix product state (MPS)
algorithm can only simulate short-time evolution [29],
while one has to compute long-time dynamics reaching
thermalization time to obtain more solid evidence. Sec-
ondly, a recent numerical work using MPS combined
with Chebyshev polynomial expansions shows there are
significantly large error bars of the results for the states
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FIG. 5. For the Hamiltonian (8), the time-averaged TMI and
the density of state (DoS) as a function of the energy density 
are depicted in the panel a and b, respectively.
in the no thermalization region since the states are close
to the edge of the DoS spectrum [42]. In Supplementary
Note3, we present a finite-size analysis of the no thermal-
ization region employing the Lanczos-Krylov space-time
calculations, suggesting that the results of the infinite sys-
tem in Ref. [29] support the finite-size results.
We reveal that the value of I3 is closely related to
the weak and strong thermalization characterized via
the energy density and DoS. Ref. [32] reveals the weak
and strong thermalization in the long-range Ising model,
which can be realized in tapped-ion quantum simula-
tor [43]. As a consequence, this work may inspire the
investigations on the quantum information scrambling
in long-range interacting systems [44], especially in the
presence of weak and strong thermalization [32]. Besides
the weak thermalization, the weak ergodicity breaking
characterized by the long-lived oscillations can also be
originated from quantum many-body scars [45, 46], and
the study of information scrambling with quantum many-
body scars is another intriguing direction to explore in the
future.
Quantum thermalization dynamics has been exper-
imentally studied in optical lattice [47] and tapped
ions [48]. Previous experiments mainly focus on the
strong thermalization (which is actually regarded as the
conventional quantum thermalization), and a distinct
comparison between weak and strong thermalization re-
mains absent. We develops a scheme to probe weak and
strong thermalization in a superconducting qubit array,
and the results can be readily demonstrated in quantum
simulation experiments.
It has been shown that the energy density plays a
key role in the MBL mobility edge [49–52]. The re-
lation between information scrambling and energy den-
sity revealed by our work could provide new insight into
the mobility edge. Furthermore, the slow information
scrambling in the weak thermalization region has po-
tential applications for quantum information storage de-
vices [25] and stabilizing out-of-equilibrium phases of
matter [53, 54].
IV. METHODS
A. Realization of the Hamiltonian (8) in a
superconducting qubit array
Conventionally, the Hamiltonian of a transmon qubit
array can be described by the Bose-Hubbard model [21,
25]
HBH = ΛN−1∑
i=1 (a†iai+1 + aia†i+1) + U2 N∑i=1ni(ni − 1) (9)
with a†i (ai) as the bosonic creation (annihilation) oper-
ator, ni = a†iai, U as strength of nonlinear interaction
and Λ referring to the nearest hopping strength. In the
limit U/Λ → ∞, the Hamiltonian (9) reduces to a XY
model [55, 56]
HXY = ΛN−1∑
i=1 (σ+i σ−i+1 + σ−i σ+i+1) (10)
= λN−1∑
i=1 (σxi σxi+1 + σyi σyi+1)
with λ = Λ/2.
Actually, the non-equilibrium properties of the Bose-
Hubbard model (9) are close to those of the XY
model (10) when U/Λ ≥ 8 [56]. For the device in
Ref. [21], U/Λ ≃ 18, and the XY model can be experi-
mentally studied using analog quantum simulation.
When the microwave drives with amplitude Ω are ap-
plied to each qubit, we can obtain [57]
Hdrive = Ω N∑
j=1 e−iϕjσ+j + eiϕjσ−j . (11)
By adjusting the phase of the microwave drives, one can
force ϕ = ϕj = pi/2 (j = 1,2, ...,N ), and then Hdrive can
7be rewritten as Hdrive = Ω∑Nj=1 σyj . Thus, the Hamilto-
nian (8), i.e., HSQA = HXY +Hdrive can be realized in a
qubit array.
To better understand the strong thermalization in the
system (8), we can rewrite the Hamiltonian in the σx ba-
sis
HSQP = ΛN−1∑
i=1 σzi σzi+1 +Ω N∑i=1σxi +ΩN−1∑i=1 σxi σxi+1(12)=H0 +Hint..
By employing the Jordan-Wigner transformation σxi =
1 − 2c†ici and σzi = −∏l<i(1 − 2c†l cl)(ci + c†i) with c†i
(ci) referring to the fermionic creation (annihilation) op-
erator, one can see that in the Hamiltonian (12), H0 ≡
Λ∑N−1i=1 σzi σzi+1 + Ω∑Ni=1 σxi as the Ising model without
parallel field can be regarded as a quadratic system (free
fermions). Moreover, the Hint. ≡ Ω∑N−1i=1 σxi σxi+1 gives
the Heisenberg coupling cicici+1ci+1, from which the
quantum thermalization and MBL are originated [58].
Based on above discussions, we explain the occurrence
of the strong thermalization in the superconducting qubit
array.
B. The quantities employed to quantify the quantum
thermalization
Here, we briefly introduce the definitions of the quan-
tities that quantify the quantum thermalization. During
the quench dynamics, there exists an exchange of infor-
mation from a small subsystem A to the complementary
one A that acts as a thermal bath of A. The reduced
density operator of A at time t is ρA(t) ≡ TrA{ρ(t)}
with ρ(t) as the quenched state. The thermal density
matrix of the same system equilibrium at temperature T
is ρth.(T ) = Z−1 exp(−βH) with β = 1/T as the in-
verse temperature and Z ≡ Tr{exp(−βH)}, and thus
ρAth. ≡ TrA{ρth.(T )}. When the quantum thermaliza-
tion occurs, with a long time t and a temperature T ,
ρA(t) = ρAth.(T ) [59].
As a direct consequence, if a quantity can measure the
distance between ρA(t) and ρAth.(T ), it can be employed
to quantify the quantum thermalization. In Ref. [29] and
our work, two quantities are considered. The first one is
related to the local observables, whose definition is⟨O(t)⟩ − ⟨O⟩th. = Tr{O(ρA(t) − ρAth.(T ))}, (13)
where O is the local observables ∑Ni=1 σαi /N
(α ∈ {x, y, z}). The second one is the distance
d(ρA(t), ρAth.(T )) defined as the maximum eigenvalue
of the matrix ρA(t)− ρAth.(T ). In this work, we chose the
subsystem A consisting of the qubit Q5, Q6 and Q7.
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Supplementary Note 1. The dynamics of tripartite
mutual information for different initial states with
identical energy density
We present several additional results supporting the
main text. We first plot the energy density of
isotropic initial states ∣θ, φ,+⟩, defined as (θ, φ) ≡(⟨θ, φ,+∣HIsing∣θ, φ,+⟩ − Emin)/(Emax − Emin) in the θ-
φ plane in Fig. 6a. We then benchmark the dynamics
of tripartite mutual information (TMI) for different ini-
tial states ∣θ, φ,+⟩ with the same randomly chosen , and
the results are shown in Fig. 6b and c. It is seen that the
saturated values of TMI are approximately equal to each
other, if the energy densities are identical.
Next, we calculate the energy density of ∣θ, φ,+⟩ in the
superconducting qubit array, i.e., the Hamiltonian (8) in
the main text. The results are depicted in Fig. 7a, show-
ing that the energy density  < 0.3093 are not attainable
for isotropic initial states. Thus, we consider another type
of initial states, i.e., the Ne´el-type initial states∣ψ0⟩ = ∣GHZ⟩A1 ⊗ ∣θ2, φ2,−⟩⊗ ∣θ3, φ3,+⟩⊗ ...⊗ ∣θN−1, φN−1,+⟩⊗ ∣θN , φN ,−⟩(14)
with θi = θ, φi = φ (i = 1,2, ...,N ) and the number of
qubits N as a even number for convenience. We further
calculate the energy density of the Ne´el-type initial states
with φ = 0 and several values of θ. As shown in Fig. 7b,
the dynamics of TMI for the initial states with  < 0.3093
are available by choosing the Ne´el-type initial states.
Figure 6b and c suggest that for the isotropic state, the
saturated value of TMI is directly dependent on the .
Therefore, it can be predicted that the saturated value of
TMI is insensitive to the specific initial states, i.e., the
isotropic or Ne´el-type states, if the  of the states are
equal to each other. The results in Fig. 8 and 9 provide
further evidence for this prediction.
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FIG. 6. a The energy density  as a function of θ and φ in the non-integrable Ising model studied in the main text. b The quench
dynamics of TMI with different isotropic initial states with the same energy density  = 0.5602. c is similar to b but with another
energy density  = 0.0812.
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FIG. 7. a The energy density  of isotropic initial states as a function of θ and φ in the superconducting qubit array studied in the
main text. b The energy density  of Ne´el-type initial states as a function of θ with φ = 0.
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FIG. 8. a In the non-integrable Ising model, the dynamics of TMI I3 for the isotropic initial state ∣Y +⟩ and the Ne´el-type initial
state with θ = pi/2. The value of energy density for both initial states is  = 0.5602. b The dynamics of I3 for the isotropic initial
state ∣θ = 0.5pi,φ = 0.4pi⟩ and the Ne´el-type initial state with θ = 0.7013pi. The value of energy density for both initial states is
 = 0.6690.
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FIG. 9. a In the superconducting qubit array, the dynamics of TMI I3 for the isotropic initial state ∣θ = 0.18pi,φ = 1.5pi⟩ and the
Ne´el-type initial state with θ = 0.1810pi. The value of energy density for both initial states is  = 0.3093. b The dynamics of I3 for
the isotropic initial state ∣θ = 0.4pi,φ = 1.5pi⟩ and the Ne´el-type initial state with θ = 0.1124pi. The value of energy density for both
initial states is  = 0.3564.
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Supplementary Note 2. Non-equilibrium properties
of the superconducting qubit array with the initial
state ∣Z+⟩
It can be directly calculated that for the superconduct-
ing qubit array considered in the main text, the inverse
temperature of the initial state ∣Z+⟩ is β = 0. Hence, ∣Z+⟩
lies in the strong thermalization regime. In the main text,
we have shown that the β of initial state ∣pi/2,1.369pi⟩ is
also equal to 0. Here, we present a comparison between
the dynamics of TMI with the initial state ∣pi/2,1.369pi⟩
and ∣Z+⟩ in Fig. 10a, which is consistent with the results
in Fig. 6, 8 and 9.
Moreover, we depict the time evolution of local ob-
servables with the initial state ∣Z+⟩ in Fig. 10b. The
dynamical behaviors of local observables are similar to
those in the Fig. 4a of the main text. With the number
of qubit N = 14, ⟨σα(t)⟩ − ⟨σα⟩th (α ∈ {x, z}) fast tend
to 0 after relaxation. However, ⟨σy(t)⟩ − ⟨σy⟩th suffers
from a stronger finite-size effect. We then present the re-
sults of ⟨σy(t)⟩ − ⟨σy⟩th with larger N in Fig. 10c. With
the increase of N , the value of ⟨σy(t)⟩ − ⟨σy⟩th becomes
closer to 0.
Supplementary Note 3. A finite-size analysis of the no
thermalization regime
The no thermalization regime in the non-integrable
Ising model has been numerically revealed using the ma-
trix product state (MPS) algorithm that can simulate infi-
nite quantum systems. A characteristic of the no thermal-
ization regime is that the dynamics of local observables
depart from their thermal values. For instance, in the non-
integrable Ising model, with the initial state ∣X+⟩, the dy-
namics of the local observable ⟨σx(t)⟩ does not converge
to the thermal value ⟨σx⟩th (please see Ref. [29] and [30]
for more details).
Here, we present the numerical results of the local ob-
servable ⟨σx(t)⟩ with finite system size N in the non-
integrable Ising model in Fig. 11a. It is seen that the sig-
nature of no thermalization regime suffers from strong fi-
nite size effect. The approximately monotonous increase
of ⟨σx(t)⟩ after the relaxation observed in the infinite
system is interrupted by the obvious oscillations marked
by the arrows in Fig. 11a. We recognize that the oscil-
lations are dependent on the system size N . As a rea-
sonable shortcut, we can study the location of the first
dramatic cusp tcusp marked by the arrows in Fig. 11a as a
function of N , and the results are presented in Fig. 11b.
Up to the system size N = 24, we show that tcusp ∝ N .
Thus, for infinite system with N → ∞, tcusp → ∞, and
the obvious oscillation can not occur with finite time in
the infinite system. We believe the finite-size analysis of
the no thermalization regime is consistent with the MPS
results shown in Ref. [29] and [30].
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FIG. 10. a The dynamics of TMI with the initial state ∣pi/2,1.369pi⟩ and ∣Z+⟩, whose stationary value is close to each other. b The
dynamics of local observables with N = 14 and the initial state ∣Z+⟩. c The dynamics of a local observable ⟨σy(t)⟩ − ⟨σy⟩th with
different N .
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FIG. 11. a The dynamics of ⟨σx(t)⟩ in the non-integrable Ising model with the initial state ∣X+⟩ and different system size N . b
The dependence of tcusp and N .
